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The problem of drawing a graph with prescribed edge lengths such that edges do not cross is 
proved NP-hard, even in the case where all edge lengths are one and the graph is 2-connected. 
The proof is an interesting interplay of geometry and combinatorics. First we use geometrical 
methods to transform a rather synthetic “Orientation Problem” to our graph drawing problem; 
then we use combinatorial methods to transform a well-known “Flow Problem” to the orien- 
tation problem. 
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1. Introduction 
Many data presentation problems involve the layout of a graph whose vertices 
represent entities and whose edges represent relationships or interconnections be- 
tween the entities. Examples are circuit diagrams, database schema, PERT net- 
works, computer networks. The layout should be aesthetically pleasing according 
to some criteria defined in the application area. One widely desirable criterion is that 
edges should not cross, and linear-time algorithms for drawing graphs in this way 
are well known [6,2,3]. Another desirable criterion is that Euclidean lengths of 
edges should correspond to given edge weights. In this paper we show that it is dif- 
ficult to decide whether these two criteria can be achieved for a given edge weighted 
graph. Specifically, we show that the following problem is NP-hard. 
Instance: Graph G = (V, E). 
Question: Can we draw G in the plane so that edges do not cross, and all edges 
are straight lines and have equal length? 
In fact, our method shows that the problem remains NP-hard for several restricted 
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classes of graphs G. An immediate consequence of our result is the fact that the 
following problem is NP-hard. 
Instance: Weighted graph G = (V, E, w) with weight function w : E -+ R+. 
Question: Can we draw G in the plane so that edges do not cross, all edges are 
straight lines, and the length of each edge e is w(e)? 
The proof is an interesting interplay of geometry and combinatorics. First we use 
geometrical methods to transform a rather synthetic “Orientation Problem” to our 
graph drawing problem, then we use combinatorial methods to transform a well- 
known “Flow Problem” to the orientation problem. 
There are many related results in the literature on the complexity of aesthetic 
graph drawing (see, for example, [12]), VLSI layout complexity (see, for example, 
[15]), and robotics (see, for example, [16]). A survey of such results appears in 
[7; 8, pp. 149-1501; see also [4]. 
2. Terminology 
To state the results of this paper precisely, some terminology is needed. 
A weighted graph G = (V, E, w) consists of a graph G with vertex set V and edge 
set E, and a weight function w : E + lR+. For the purposes of this paper, graphs 
have no loops or multiple edges, unless otherwise specified. 
If u is a vertex of a graph G, then No(u) is the set of vertices of G adjacent to 
U. If u is a vertex in a directed graph D, then N;(u) (respectively N;(u)) is the set 
of vertices w such that u + w (respectively w + u) is an arc of D. An orientation of 
a graph G is a directed graph resulting from an assignment of directions to the edges 
of G. 
We need to define various types of embeddings of a graph G = (V, E). A Cartesian 
embedding of G consists of a pair (p, c) of functions (p = “position”, c = “curve”), 
p : V-t R2, c: E+ {open polygonal arcs in R2}, such that 
(a) p(u) and p(u) are the endpoints of c(uv) for all uu E E, 
(b) C(U) and c(u’u’) are disjoint for all uu # U’U’E E, 
(c) p(u>#p(u) for all ufu E V, 
(d) if p(u’) E C(W) for some U’E V and uu E E, then either u’= u or u’= u. 
Note: We assume that the curves are polygonal arcs to avoid computability pro- 
blems. This notion is combinatorially and topologically equivalent to the more 
general notion where c(uu) is a continuous open simple curve; see [ 131. 
If G = (V, E, w) is a weighted graph, then a weight-preserving embedding is a carte- 
Sian embedding (p, c) of G such that d(p(u), p(u)) = w(uu) where d is the Euclidean 
metric and C(UU) is a straight line interval for all uu E E. A weight-preserving embed- 
ding in which W(UU) = 1 for all uu E E is a unit embedding. 
Many of the embeddings discussed below are grid embeddings, defined as follows. 
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A rectangular grid embedding (p, c) of G is a Cartesian embedding where p(u) is at 
a vertex of the integer lattice and C(W) consists of line segments which follow the 
grid lines, bending only at lattice points. Similarly, a triangular grid embedding has 
p(u) at a vertex of the triangular grid for each vertex u, and C(W) follows the lines 
of the triangular grid and bends only at triangular grid lattice points. 
Two Cartesian embeddings are topologically equivalent if one can be deformed 
into the other by a continuous deformation which preserves the Cartesian embedding 
properties. 
Some of these concepts are illustrated in Fig. 1. 
This paper contains several polynomial-time transformations; we denote the 
clause “there is a polynomial transformation for problem P to problem Q” by 
Pa Q (see [5]). 
3. The theorems 
The terminology of the previous section allows us to state the main results of the 
paper precisely: 
457 
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UEP (United Embedding Problem). 
Instance: A 2-connected planar graph G. 
Question: Does G have a unit embedding? 
Theorem 3.1. UEP is NP-hard. 
WPEP (Weight-Preserving Embedding Problem). 
Instance: A 3-connected weighted graph G = (V, E, w) where (V, E) is planar. 
Question: Does G have a weight-preserving embedding? 
Theorem 3.2. WPEP is NP-hard. 
The remainder of this paper consists of a sequence of polynomial transformations 
to prove Theorems 3.1 and 3.2. The sequence begins with a well-known NP- 
complete colouring problem (see [5, p. 1911): 
3CP (Three-Colour Problem). 
Instance: Planar graph G. 
Question: Can we colour the faces of G in 3 colours so that no pair of adjacent 
faces have the same colour? 
Two further NP-complete problems, FP and SOP, are defined below and are used 
in the proof. The structure of the proof is illustrated in Fig. 2. The problem FP is 
defined below: 
FP (Flow Problem). 
Instance: Planar graph G. 
Question: Is there an orientation D of G and a “flow” f(e) E { 1,2} for every arc 
e in D, such that for each vertex u the sum of the flows out of u is the sum of the 
flows into u. 
A colouring as in 3CP can be converted to a set of directed “flows” as in FP and 
vice versa by the following method. Suppose that G is a Cartesian embedding of a 
graph G and that the faces of G are coloured with colours from (0,1,2} so that no 
two faces of the same colour are adjacent. Direct the edges of G so that the larger 
L 
0 
UEP 
Fig. 2. 
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colour is to the right of the directed edge, and give each directed edge e a “flow” 
of the absolute value of the difference between the faces incident with e. One can 
check that the sum of the flows into each vertex is the sum of the flows out. Con- 
versely, if G is a Cartesian embedding of a directed graph with flows of 1 and 2 on 
each arc, then by reversing the above construction an integer colouring of the faces 
of G can be obtained. Reducing modulo 3 gives a 3-colouring. It follows that asking 
for a colouring in the sense of 3CP is the same as asking for a flow in the sense of 
FP. Thus 3CP cz FP, and we conclude: 
Lemma 3.3. FP is NP-complete. 
Remark. The equivalence of colouring problems and flow problems outlined above 
is folklore from the theory of integer flows, originating in some work of Tutte [ 141. 
See, for example, [17, Proposition lo]. 
To show that FP cz UEP we use another intermediate problem, called SOP. This 
is a “synthetic” problem invented to modularise the proof of FP (x UEP: We first 
prove FP (Y SOP, then SOP a UEP. The decomposition separates the geometry from 
the combinatorics. 
Some notation is needed to define SOP. Suppose that the vertices of a graph 
G = (V, E) are coloured in red and blue; let R denote the set of red vertices and let 
B denote the set of blue vertices. Suppose that for each red vertex u there is a “red 
label” r(u) E { 1,2}, and for each blue vertex u there is a “blue label” b(o) E No(u). 
Then an orientation D of G is proper with respect to (R, B, r, b) if for each u E R, 
r(u) = INA(u and for each u E B, either N;(u) = {b(u)} or N;(u) = {b(u)}. An ex- 
ample of a proper orientation is in Fig. 3. The problem SOP is defined as follows: 
“5 “6 
R= ( “1. “2, v5’ v6) 
r(v,) = r(v5) = 1 
r(v2) = UY6) = 2 
B=( v3 z VA1 
b(v,) = “5 
b(v,) = “2 
Fig. 3. 
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SOP (Synthetic Orientation Problem). 
Instance: A 3-regular planar graph G = (V,E), a partition I/= R U B (where 
R fl B = 0) of V, and for each u E R, a “red label” T(U) E { 1,2}, and for each o E B, 
a “blue label” b(u)~No(u). 
Question: Is there a proper orientation of G with respect to (R,B,r,b)? 
The proof of FP (r SOP is in the next section. In Section 4 we also show that there 
is a polynomial-time algorithm for SOP when the instance is restricted to the case 
where there are no blue vertices. This thwarts one possible simplification of the 
proof. 
The proof of SOP Q UEP is in Section 5. This proof actually constructs an in- 
stance of WPEP before constructing an instance of UEP, and Theorem 3.2 follows. 
4. The proof: Combinatorics 
Lemma 4.1. FPa SOP. 
This section consists of a proof for Lemma 4.1. The proof is in two stages. First, 
- - 
from an instance G of FP we construct a planar graph G= (V,E), with Bpartitioned 
into a set I? of red vertices and a set B of blue vertices, with labels p(u) for each 
u E i?, and 6(u) for each u E B, such that G has a proper orientation with respect to 
(R, B, T, 6) if and only if flows of 1 and 2 can be assigned to the edges of G with zero 
_ - 
net flow at each vertex. However, G, (R, B, T, 6) is not an instance of SOP because 
it has multiple edges and vertices of degree 4. The second stage of the proof is to 
modify G to give an instance G’, (R, B, r, b) of SOP. 
We begin the construction of R by replacing each vertex u of degree k in G by 
a vertex gadget, consisting of an array of Sk* vertices of degree 4 linked as in Fig. 
4. Each vertex w in each vertex gadget is coloured red and has P(W) = 2. There are 
4k uncompleted edges leading out from the vertex gadget, which we group into k 
sets of four adjacent edges, called edge groups. Each of these edge groups cor- 
responds to the incidence of the vertex u with an edge of G. 
Each edge uu of G is replaced by an edge gadget, consisting of four blue vertices 
labeled and linked as in Fig. 5, with two edge groups leading out from them. One 
of these edge groups is joined to an edge group arising from u, the other to an edge 
group arising from u. By ordering the edge groups attached to a vertex embedding 
in the same way as the corresponding edges in a planar embedding of G, these 
replacements can be performed in such a way that the resulting graph G is planar. 
_ - 
Suppose G has a proper orientation with respect to (R, B, T, 6). We show that this 
implies that flows of 1 and 2 can be assigned to the edges of G with zero net flow 
at each vertex, and vice versa. Referring to Fig. 5, three of the edges in each edge 
group are forced to be oriented in the same direction as ~2~3. We regard an edge 
oriented in a given direction as contributing a flow of + 1 in that direction along the 
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edge group, of -1 in the opposite direction. Then the net flow along an edge group 
in a given direction is +4 or k2. Dividing by 2 assigns a flow of 1 or 2, with direc- 
tion, to each edge of G. Since all red vertices have two edges oriented towards them 
and two away from them, there is zero net flow at every vertex of G. 
Conversely, if flows can be assigned to the edges of G with this property, then 
we can orient the edges of G representing edges of G so that the orientations model 
the flows in the manner described above, and so that for each blue vertex u either 
N;(u) = {b(u)} or NG.(v) = {b(o)}. For each vertex of G, the 4k edges corresponding 
118 P. Eades, N. C. Wormald 
to those entering Fig. 4 at the bottom have now been oriented. Since the net flow 
at that vertex of G is zero, just 2k of the vertices in the bottom row of Fig. 4 lie 
above an edge oriented upwards, and just 2k lie above an edge oriented downwards. 
We call the former vertices positive and the latter negative. A simple routing 
algorithm can be used to find 2k vertex-disjoint paths in the vertex gadget, each 
joining a positive vertex to a negative vertex. This can be done greedily, by repeatedly 
choosing a pair of vertices of different parities which are closest together laterally, 
and joining them in the vertex gadget by a shortest path along the vertices still 
available. Direct each such path from the positive end to the negative end. Every 
vertex which lies on one of these paths thus has one arc coming in to it, and one 
arc going out of it. The remaining undirected edges form a graph H in which every 
vertex has degree 2 or 4. Each component of H has an Euler tour, which can be used 
to direct the edges so that for each vertex u of H, IN&(u)1 = INJu)l. It follows that 
(N&q = (N&L)/ = -( ) f r u or each red vertex u. Hence we have a proper orientation 
- - 
of H with respect to (R, B, r, 5). 
Finally, form G’ from G replacing each vertex in i? by a 4-cycle of red vertices 
as shown in Fig. 6. Note that G’ is 3-regular, planar and has no multiple edges. In 
each 4-cycle, give two diagonally opposite vertices a red label of I, and give the other 
two a red label of 2. The blue vertices and labels remain the same as in G. It is 
straightforward to check that G’ has a proper orientation with respect to (R, B, r, b) 
if and only if G has a proper orientation with respect to (R, B, r, 6). 
We point out here that our proof of CP a UEP cannot be done by using red ver- 
tices alone. This is because SOP can be solved in polynomial time if there are no 
blue vertices. To see this, suppose that G = (I’, E), (R, B, r, b) is an instance of SOP 
with B empty. Suppose that I/= { ui, v2, . . . , v, }, and define a bipartite graph G with 
vertex set EU { Vii: 1 sisn, 1 ~j~~(v~)} and with eeE adjacent to vti in G if and 
only if e is incident with vi in G. Then G has a perfect matching if and only if G 
has a proper orientation with respect to (R, B, r, b). (An edge in E being matched in 
G with a vertex vij corresponds to that edge being oriented away from vi in G.) 
Thus a polynomial algorithm for finding perfect matchings in bipartite graphs (see 
[9]) can be used to solve this instance of SOP. 
+ 0 
red vertex of degree 4 replacement red 
vertices of degree 3 
Fig. 6. 
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Lemma 5.1. SOP a WPEP. 
Lemma 5.2. SOPa UEP. 
This section consists of proofs of Lemmas 5.1 and 5.2. From an instance G, 
(R, B, r, b) of SOP we construct a 3-connected weighted graph G’ which has a weight- 
preserving embedding if and only if G has a proper orientation. The construction 
takes polynomial time, and thus Lemma 5.1 follows. Most of the edges of G’ have 
weight 1, but there are a few other weights. From G’ we construct an instance G” 
of UEP such that G has a proper orientation with respect to (R, B, r, 6) if and only 
if G” has a unit embedding (in fact, if and only if G” has a unit embedding topo- 
logically equivalent to any given embedding of G”). Again, the construction takes 
polynomial time and Lemma 5.2 follows. 
To construct G’, we first construct a triangular grid embedding 
following properties: 
(a) T has no 60” angles. 
(b) No edge of T is a straight line. 
(c) The length of every straight line segment of T is a positive 
T of G with the 
multiple of 10. 
A number of algorithms (see, for example [IS]) can be used to give a rectangular 
grid embedding of G in a linear time such that the area of the embedding is 0(n2), 
where n is the number of vertices of G. Such an embedding can be “sheared” to 
form a triangular grid embedding T,, as illustrated in Fig. 7. 
This embedding has 60” angles at vertices, but each offending angle can be removed 
by expanding the grid by a factor of two and a slight re-routing to form T2, as il- 
lustrated in Fig. 8. (To “expand” by a factor of k, map each point (x, u) to (kx, ky). 
Drawings of triangular grid embeddings in this paper have various scales to accom- 
modate the expansions; however, in all drawings one unit of the triangular grid is one 
unit of length.) There are still some 60” bends within the edges. But such bends can 
Fig. 7. 
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TZ 
Fig. 8. 
be removed by another expansion and re-routing, as illustrated in Fig. 9. The result- 
ing embedding T, has an area 16 times the area of T,, and satisfies property (a). 
Next T, can be expanded by a factor of 4 and then any edge represented as a 
straight line can be modified by introducing four 120” bends as in Fig. 10. The 
resulting embedding T4 satisfies properties (a) and (b). To form an embedding T 
satisfying (c) as well, just expand T4 by a factor of 10. 
Fig. 9. 
Fig. 10. 
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From T we construct G’ by replacing various parts of T by small edge weighted 
graphs, which in the NP-completeness jargon are called “gadgets”. The idea of the 
gadgets is to simulate orientations of the edges of G with weight-preserving embed- 
dings of the gadgets. 
The essence of this idea is illustrated with a gadget called a prepipe, which is a 
weighted graph of the form illustrated in Fig. 11. Each edge in the prepipe has 
weight 1. The paths at the top and bottom are called the sides of the prepipe, and 
the length of the prepipe is the number of edges in each side. The path in the middle 
is the backbone of the prepipe. The ribs of the prepipe are the edges joining the 
backbone to the sides. To get an intuitive feel for the remainder of the proof of 
Lemma 5.2, consider the two weight-preserving embeddings of a prepipe in Figs. 11 
and 12. Figure 11 appears to indicate a flow to the left and Fig. 12 appears to in- 
dicate a flow to the right. Roughly speaking, prepipes are the gadgets in G’ which 
replace the edges of G; the weight-preserving embedding in Fig. 11 simulates the 
orientation of the replaced edge toward the left, and Fig. 12 simulates the orienta- 
tion of the replaced edge to the right. 
To make this intuitive idea precise, some refinement of prepipes is needed. 
We need to ensure that the two sides of the prepipe are a fixed distance apart. 
We use a gadget called a spacer, shown in Fig. 13. All edges of a spacer have weight 
1 except for two edges of weight fl indicated in Fig. 13. We refer to the triangulated 
region inside the spacer, containing the ten triangles, as the shuttle. The paths form- 
ing the upper and lower borders in Fig. 13 are the sides of the spacer, and the four 
side 
length 
Fig. 11. 
Fig. 12. 
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alignment gnment edges 
Fig. 13. 
edges of weight 1 joining the shuttle to the sides are the alignment edges. In G’ the 
alignment edges will ensure that the two sides of the prepipe are parallel. 
A pipe is formed from a prepipe by replacing a section of the prepipe of length 
5 with a spacer, ensuring that at least two pairs of pipe ribs remain between the 
shuttle and either end of the prepipe. This is illustrated in Fig. 14. The pipe has the 
prepipe prepipe 
pipe 
double barrelled arrow representing the 
emeddlng 01 the pipe above. 
Fig. 14. 
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same backbone and length as the prepipe, and most of the ribs remain, but the sides 
of the pipe consist of the remaining portions of the sides of the prepipe together with 
the sides of the spacer. 
Pipes are the gadgets which replace the straight line segments of T. Suppose that 
the vertices of the top side of a pipe are constrained to lie at lattice points of a 
triangular grid rr and that the vertices of the bottom side are constrained to a 
triangular grid r2. The essential property is that the spacer forces r1 = TV, and so up 
to translations and rotations, there are only four weight-preserving embeddings 
(shown in Fig. 14-17) of the pipe under these constraints. The reasons for this are 
Pipe 
I 
double barrelled arrow representing 
the emedding of the pipe above. 
Fig. 15. 
Fig. 16. 
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Fig. 17. 
as follows. Consider the lower half of the pipe in Fig. 14, below the backbone of 
the pipe. Since the side of the pipe is rigid and the shuttle is rigid, the two alignment 
edges force the two edges in the lower side of the shuttle to be parallel to the sides 
of the prepipe. The edge of weight fi now limits the shuttle to two distinct posi- 
tions; one as shown in Figs. 14 and 16 and the other being its reflection in a vertical 
line, as in Figs. 15 and 17. In both, all vertices in the shuttle coincide with lattice 
points, as long as the lower side of the pipe is positioned on the grid as in Fig. 14. 
Two corresponding possibilities for the upper side of the pipe, given the position 
of the shuttle, give the four combinations. 
In all four combinations the positions of the vertices in the backbone of the pipe 
are all forced. Two of the combinations we regard are desirable (Figs. 14 and 15), 
and two are undesirable (Figs. 16 and 17). Note that in either desirable position, the 
pipe resembles flow in the direction in which the backbone has been pushed. For 
simplicity, we sometimes illustrate the embeddings of a pipe with a double barreled 
arrow, as in Figs. 14 and 15. 
The two desirable embeddings of the pipes are used to simulate the choice of 
direction of edges when orienting G. The two undesirable embeddings will be 
eliminated by our gadgets for 120” turns in edges. 
The straight lines in T of length lot are replaced by pipes of length lot - 1, with 
the backbone of the pipe centred on the straight line. To avoid drawing another 
spacer, we illustrate in Fig. 18 how this replacement would be carried out using pre- 
pipes instead of pipes. 
Since the grid was expanded by a factor of 10, and the spacers are at least two 
units of distance from the ends of the pipes, there is no way that the spacers from 
two different pipes can overlap nor even come within 2 units of distance from each 
other. 
The 120” turns in the lines of Twhich represent edges are replaced by gadgets called 
pipe bends, as illustrated in Fig. 19. 
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part of T 
Fig. 18. 
weight 1 
Fig. 19. 
The two inside sides of the pipes are joined at the end vertex of the side, and the 
outside sides are joined by two edges, each of weight 1. The backbones of the pipes 
are joined by an edge of weight 0. 
The important property of the pipe bend is the following. Suppose the two regions 
on either side of the pipes and the pipe bend are triangulated, so that the edges in 
the sides of the pipes meeting at the inside corner of the bend are all held rigidly 
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in the positions with repect to each other as indicated in Fig. 19, and so that the 
edges in the other two sides, together with the two extra edges at the outside of the 
bend, are all held rigidly in the indicated positions with respect to one another. As 
observed before, each of the pipes has four weight-preserving embeddings as in Figs. 
14-17 (up to translations and rotations of the whole picture). Note, however, that 
neither of the pipes meeting at the pipe bend can be in one of the undesirable posi- 
tions (Figs. 16 and 17). Since every edge has at least one 120” turn, (and thus at least 
one pipe bend) the undesirable embeddings in Figs. 16 and 17 cannot occur. Further- 
more two combinations of the desirable positions are precluded by the edge of 
weight 1/7. The two remaining embeddings (Fig. 14 and 15) have both the pipes flow- 
ing in the same direction. Thus the “flow” is preserved around the bends in the 
edges; this is illustrated with double barreled arrows in Fig. 20. 
Another observation about pipe bends will be helpful later. Suppose that we had 
chosen a weight w for the edge joining the backbones. Given that the sides of each 
of the two pipes and the extra edges in the bend are fixed in the positions as in Fig. 
19, there are only two values of w which could result in a weight-preserving embed- 
ding: w = $7 as in Fig. 19, and w = 1/7 as in Fig. 21. If we allowed the edge to “flex” 
Two possible embeddings of a pipe bend 
Fig. 20. 
Fig. 21. 
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a little (so that it does not touch the vertex common to both pipes; see Fig. 22), then 
w = 2~6 would be possible also. Later we will need to use the fact that there are no 
values close to w = J/?’ (besides w = k”? itself) for which there is a weight-preserving 
embedding, even if the edge is allowed to “flex” a little. 
Pipes meet at the positions of the vertices of T at “junctions” as illustrated 
in Fig. 23. Since there are two possible weight-preserving embeddings for each 
of the three pipes, there are 8 possible arrangements of the flows at a junction, 
illustrated in Fig. 24 using double barreled arrows. If the junction corresponds to 
a red vertex u, then (c), (d) and (e) correspond to T(D) =2, and (f), (g), and (h) 
correspond to T(U) = 1. If u is a blue vertex, and u is the vertex incident with the top 
right edge, then (d) and (g) correspond to b(u)=u. Neither (a) nor (b) correspond 
to proper orientations of G. 
We join up the backbone of the pipes which meet at a junction with different 
gadgets, depending on the label of the corresponding vertex. For instance, for a red 
vertex u with T(U) = 1 we will join the backbone of the three pipes which meet at the 
junction in such a way that the arrangements of the flows can be either (f), (g) or 
(h) in Fig. 24, but cannot be (a)-(e). 
Fig. 22. 
Fig. 23. 
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Cd) (e) 
(f) (9) 
Fig. 24. 
To design the gadgets for the junctions, consider 
triangle t formed by the three vertices at the ends of 
pipes, marked in Fig. 25. It is easy to show that 
(h) 
the circumradius Q of the 
the backbones of the three 
1, if all three of the pipes flow in toward the junction 
(Fig. 24(b)), 
2, if all three of the pipes flow out from the junction 
e= 
(Fig. 24(a)), 
1.4, if two pipes flow in toward the junction and one flows 
out (Fig. 24(f), (g), and (h)), 
1.75, if two pipes flow out from the junction and one flows 
in (Fig. 24(c), (d) and (e)). 
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Thus for a red vertex u with T(U) = 1 the gadget shown in Fig. 26 is used. It consists 
of three edges, all of weight 1.4, and one vertex. The remarks above about the 
circumradius Q of the triangle t imply that as long as the sides of the pipes are fixed 
in position as in Fig. 23, there are only three weight-preserving embeddings of the 
junction: These three correspond to (f), (g), and (h) of Fig. 24. 
A similar gadget is given for red vertices u with T(U) = 2 in Fig. 27. Here the extra 
edges all have weight 1.75, and this forces the arrangement of flows to be either (c), 
(d) or (e) in Fig. 24. 
For a blue vertex, the two edges of weight $7 form the gadget, as shown in Fig. 28 
(assuming that b(o) is incident with the top right edge). This forces a flow of either 
(d) or (g) in Fig. 24. 
As long as the sides of the pipes are fixed in space, our graph now has a weight- 
preserving embedding if and only if G has a proper orientation with respect to 
(R B, r, 6). 
Fig. 26. 
Fig. 27. 
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Fig. 28. 
We form a graph G’ by making the sides of all pipes rigid. This is done by 
triangulating all regions outside the pipes; i.e., we add a vertex for every lattice point 
of the triangular grid which lies outside the pipes and add an edge between every 
pair of lattice points of distance 1 provided such an edge lies outside the pipes. Of 
course, the infinite region is not triangulated; we merely triangulate a narrow border 
around the whole embedding. Since the area of the triangular grid embedding T is 
0(n2) where n = 1 V/1, the number of extra edges and vertices is O(n2). All edges in 
the triangulations are given weight 1. Since each side of each pipe is now rigid and 
fixed with respect to the sides of pipes it meets at vertices, if follows that all sides 
of pipes are fixed with respect to each other, by our observations on the spacers and 
pipe bends. 
We remark at this point that there is no “completely different” weight-preserving 
embedding of G’. It may seem that, although our gadgets have strong local proper- 
ties, it may be possible to find a different weight-preserving embedding of G’, say 
with one pipe contained in another, so that the local properties are avoided by the 
global layout. However, an examination of the gadgets shows that the graph G’ is 
3-connected, and so has only two topologically distinct embeddings with any given 
face being the infinite face (the two embeddings are reflections of one another). The 
triangulated border around the outside of T determines which face of G’ must be 
the infinite one in a weight-preserving embedding. Hence the induced embedding of 
the “nonmoving” parts (the triangulated areas) is unique up to rigid transforma- 
tions of the plane. Thus the properties of the embeddings of the gadgets hold 
simultaneously in all parts of G’, in every weight-preserving embedding of G’. It 
follows that G’ has a weight-preserving embedding if and only if G has a proper 
orientation with respect to (R, B, r, 6). 
The proof of Lemma 5.1 is now complete and Theorem 3.2 follows. 
We finally transform G’ to a graph G” which has a unit embedding if and only 
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if G’ has a weight-preserving embedding. We do this by replacing some of the edges 
of G’ with gadgets called girders, replacing some edges with paths, and sub- 
triangulating all triangles of G’. 
Two types of girders, illustrated in Figs. 29 and 30, are used. The terminal vertices 
of a girder are the two vertices of greatest distance apart in a unit embedding, and 
the length of the girder is that distance. Note that each girder has only two unit 
embeddings if the terminal vertices are fixed in space. A girder of type 1 (as in Fig. 
29) has length 7m for some integer m 2 1. A girder of type 2 (as in Fig. 30) has length 
m ~0 for some integer m 2 1. 
We subtriangulate each triangle of G’ by expanding it by a factor of 70 (any con- 
venient large multiple of 7 could be used) and then triangulating all triangular 
regions as before. The triangular regions comprise all areas outside the pipes, and 
within the shuttles. Next, we replace the edges of weight I/; in spacers by girders 
of length 701/7, so that the end vertices of the edges coincide with the terminal ver- 
tices of the replacement girders. Similarly, we replace all alignment edges, and all 
edges in backbones of pipes other than those in shuttles, by girders of length 70. 
As before, in a unit embedding the two sides of each pipe are parallel and the shuttle 
has just two possible positions. Due to the construction of the spacers and of the 
girders, there is no overlap of the girders with the other parts of the spacer in either 
of the two possible positions, and the embedding remains planar. However, the re- 
maining edges of G’, which are the pipe ribs and the edges of weights 1/?, 1.4 and 
Fig. 29. 
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Fig. 30. 
1.75 in pipe bends and at vertices of G, cause a difficulty if we attempt to replace 
them by girders. This is because of the possibility of overlap. 
We replace each pipe rib by a simple path of length 70. This still limits each vertex 
in the backbone to two possible positions, determined by the positions of the shuttle, 
and prevents overlapping with the backbone girders. 
For the edges of weight $7, 1.4, 1.75 in pipe bends and junctions we need to have 
hinges, that is, two paths of equal length attached to the terminal vertices of the 
girders. These are illustrated for a girder of type 2 in Fig. 3 1. The terminal vertices 
of a hinged girder are the two vertices of degree 1. Note that even when the terminal 
vertices are fixed in space, there are many unit embeddings of a girder of length g 
with two hinges each of length h (they can “flex” a little). But in each such embed- 
ding the distance between the terminal vertices is at least g - 2h and at most g + 2h. 
We replace each edge in G’ of weight 1/7, other than those we have already treated 
in the spacers, by girders of length g= 651/7 with hinges of length h = 10. The 
distance between the terminal vertices cannot then be 700 or 70 x 20. However, 
both of the configurations in Fig. 20 can easily be obtained with no overlapping of 
the girder with the other parts of the graph, due to the flexibility of the hinges. Thus 
the function of the pipe bend is preserved. This argument also shows that the gadget 
shown in Fig. 28, used at junctions corresponding to blue vertices, retains its intended 
function. 
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Fig. 31. 
Edges of weight 1.4 are replaced by girders of length 91 = 13 x 7 with hinges of 
length 4, and edges of weight 1.75 are replaced by girders of length 17 x 7 = 119 with 
hinges of length 4. It is easy to show that the functions of the gadgets shown in Figs. 
26 and 27 are preserved, so we omit the details. 
The resulting graph G” has a unit embedding if and only if G has a proper orienta- 
tion with respect to (R, B, r, b). It is easy to check that the transformation can be 
done in polynomial time. 
6. Final remarks 
Note that UEP remains NP-hard even if the topological equivalence class of the 
embedding of G is specified as part of the instance. This is because if the graph G” 
of Section 5 has one unit embedding, then it has a unit embedding topologically 
equivalent to any given Cartesian embedding. All other embeddings can be obtained 
merely by reflecting the embeddings of the girders with their ends fixed. Similarly, 
WPEP is NP-hard even if the topological equivalence class is specified. 
Also, both problems remain NP-hard even if a small “tolerance” in edge lengths 
is allowed. If E is a sufficiently small constant (independent of the problem size), 
then the gadgets of Section 5 simulate SOP even if the edge lengths are allowed to 
vary by a. To prove this, one needs to ensure that the spacers are inserted at suffi- 
ciently small intervals along pipes, so that the position of the backbone at all places 
along each pipe is close to one of the two allowable positions. 
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Note added in proof 
Some of the results of this paper have been independently obtained by S.N. Bhatt 
and S.S. Cosmadakis in “The complexity of minimizing wire length in VLSI lay- 
out”, Inform. Process. Lett. 25 (1987) 263-267. 
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